Introduction
Parallel manipulators have received wide attention in recent years. Their parallel structures offer better load carrying capacity and more precise positioning capability of the endeffector compared to open chain manipulators. In addition, since the actuators can be placed closer to the base or on the base itself the structure can be built lightweight leading to faster systems (Gunawardana & Ghorbel, 1997; Merlet, 1999; Gao et al., 2002 ) . It is known that at kinematic singular positions of serial manipulators and parallel manipulators, arbitrarily assigned end-effector motion cannot in general be reached by the manipulator and consequently at those configurations the manipulator loses one or more degrees of freedom. In addition, the closed loop structure of parallel manipulators gives rise to another type of degeneracy, which can be called drive singularity, where the actuators cannot influence the end-effector accelerations instantaneously in certain directions and the actuators lose the control of one or more degrees of freedom. The necessary actuator forces become unboundedly large unless consistency of the dynamic equations are guaranteed by the specified trajectory. The previous studies related to the drive singularities mostly aim at finding only the locations of the singular positions for the purpose of avoiding them in the motion planning stage (Sefrioui & Gosselin, 1995; Daniali et al, 1995; Alici, 2000; Ji, 2003; DiGregorio, 2001; StOnge & Gosselin, 2000) . However unlike the kinematic singularities that occur at workspace boundaries, drive singularities occur inside the workspace and avoiding them limits the motion in the workspace. Therefore, methods by which the manipulator can move through the drive singular positions in a stable fashion are necessary. This chapter deals with developing a methodology for the inverse dynamics of parallel manipulators in the presence of drive singularities. To this end, the conditions that should be satisfied for the consistency of the dynamic equations at the singular positions are derived. For the trajectory of the end-effector to be realizable by the actuators it should be designed to satisfy the consistency conditions. Furthermore, for finding the appropriate actuator forces when drive singularities take place, the dynamic equations are modified by using higher order derivative information. The linearly dependent equations are replaced by the modified equations in the neighborhoods of the singularities. Since the locations of the drive singularities and the corresponding modified equations are known (as derived in Section 3), in a practical scenario the actuator forces are found using the modified equations in the vicinity of the singular positions and using the regular inverse dynamic equations elsewhere. Deployment motions of 2 and 3 dof planar manipulators are analyzed to illustrate the proposed approach (Ider, 2004; Ider, 2005) .
Inverse dynamics and singular positions
Consider an n degree of freedom parallel robot. Let the system be converted into an opentree structure by disconnecting a sufficient number of unactuated joints. Let the degree of freedom of the open-tree system be m, i.e. the number of the independent loop closure constraints in the parallel manipulator be m-n. 
and can be expressed at velocity level as
where
. A repeated subscript index in a term implies summation over its range. 
Equation (3) can be written at velocity level as
. Equations (2) and (4) can be written in combined form,
which is an mm × matrix and
. The derivative of equation (5) gives the acceleration level relations,
The dynamic equations of the parallel manipulator can be written as
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where M is the mm × generalized mass matrix and R is the vector of the generalized Coriolis, centrifugal and gravity forces of the open-tree system, λ is the () 1 m-n × vector of the joint forces at the loop closure joints, T is the 1 n × vector of the actuator forces, and each row of Z is the direction of one actuator force in the generalized space. If the variable of the joint which is actuated by the i th actuator is k η , then for the i th row of Z,
Combining the terms involving the unknown forces λ and T, one can write equation (7) as
where the m m × matrix
and
The inverse dynamic solution of the system involves first finding η , η and η from the kinematic equations and then finding τ (and hence T) from equation (8).
For the prescribed x(t), η can be found from equation (6), η from equation (5) and η can be found either from the position equations (1,3) or by numerical integration. However during the inverse kinematic solution, singularities occur when 0 = Γ . At these configurations, the assigned x cannot in general be reached by the manipulator since, in equation (3), a vector h lying outside the space spanned by the columns of Γ cannot be produced and consequently the manipulator loses one or more degrees of freedom. Singularities may also occur while solving for the actuator forces in the dynamic equation (8) In the literature the singular positions of parallel manipulators are mostly determined using the kinematic expression between q and x which is obtained by eliminating the variables www.intechopen.com of the unactuated joints (Sefrioui & Gosselin, 1995; Daniali et al, 1995; Alici, 2000; Ji, 2003; DiGregorio, 2001; St-Onge & Gosselin, 2000) ,
References (Sefrioui & Gosselin, 1995 ; Daniali et al, 1995; Ji, 2003) name the condition 0 = J as "Type I singularity" and the condition 0 = K "Type II singularity". And in reference (DiGregorio, 2001) they are called "inverse problem singularity" and "direct problem singularity", respectively. Since it shows the lost Cartesian degrees of freedom, the condition 0 = Γ shown above corresponds to 0 = J . For the drive singularity, equation (2) can be written as 
Consistency conditions and modified equations
At the motion planning stage one usually tries to avoid singular positions. This is not difficult as far as inverse kinematic singularities are concerned because they usually occur at the workspace boundaries (DiGregorio, 2001) . In this paper it is assumed that Γ always has full rank, i.e. the desired motion is chosen such that the system never comes to an inverse kinematic singular position. On the other hand, drive singularities usually occur inside the workspace and avoiding them restricts the functional workspace. It is therefore important to devise techniques for passing through the singular positions while the stability of the control forces is maintained. To this end, equation (8) 
where p α are the linear combination coefficients (which may depend also on i η 
Substitution of equation (13) into equation (14) yields
Equation (15) represents the consistency condition that j η should satisfy at the singular position. Since j η are obtained from the inverse kinematic equations (6), the trajectory x must be planned in such a way to satisfy equation (15) at the drive singularity. Otherwise an inconsistent trajectory cannot be realized and the actuator forces grow without bounds as the drive singularity is approached. Time derivative of equation (14) is
Now, because equation (13) holds at the singular position, there exists a neighborhood in which the first term in equation (16) is negligible compared to the other terms. Therefore in that neighborhood this term can be dropped to yield
Equation (17) is the modified equation that can be used to replace the s th row of equation (8) or any other equation in the linearly dependent set.
Consistency conditions and modified equations when rank(A) becomes r<m
In the general case where the rank of 
where kp α are the linear combination coefficients. Then the following relations must be present among the rows of equation (8) TT ()
The consistency relations are obtained as below
Substitution of equation (18) into the derivative of equation (19) 
Inverse dynamics algorithm in the presence of drive singularities
When the linearly dependent dynamic equations in equation (8) are replaced by the modified equations, equation (8) takes the following form, which is valid in the vicinity of the singular configurations.
where in the case the s th row of T A becomes a linear combination of the other rows,
In the general case when the rank of T A becomes r, T D and S take the following form.
and , 1,...,
Notice that η in the modified equation should be found from the derivative of equation (6),
η obtained from equation (27) corresponds to the prescribed end-effector jerks x (in h ).
Also the coefficients of the forces in the modified equations (17,21) depend on velocities. Therefore, if at the singularity the system is in motion, then by the modified equations the driving forces affect the end-effector jerk instantaneously in the singular directions.
The inverse dynamics algorithm in the presence of drive singularities is given below. 1. Find the loci of the positions where the actuation singularities occur and find the linear dependency coefficients associated with the singular positions. 2. If the assigned path of the end-effector passes through singular positions, design the trajectory so as to satisfy the consistency conditions at the singular positions. 
Then the task equations at velocity level are 
The mass matrix M and the vector of the Coriolis, centrifugal and gravitational forces R are 
Since the variables of the actuated joints are 1 θ and 2 θ , the matrix Z composed of the actuator direction vectors is 1000 0100
Then the coefficient matrix of the constraint and actuator forces, (8), the third row of the right hand side of equation (8) should also be 34 / rr times the fourth row. The resulting consistency condition that the generalized accelerations must satisfy is obtained from equation (15) A is ill-conditioned in the vicinity of the singular position, hence τ cannot be found correctly from equation (8). Deletion of a linearly dependent equation in that neighborhood would cause task violations due to the removal of a task. For this reason the modified equation (17) 
which in general do not vanish at the singular position if the system is in motion.
Once the trajectory is chosen as above such that it renders the dynamic equations to be consistent at the singular position, the corresponding i θ , i θ and i θ are obtained from inverse kinematics, and when there is no actuation singularity, the actuator torques 1 T and www.intechopen.com 2 T (along with the constraint forces 1 λ and 2 λ ) are obtained from equation (8). However in the neighborhood of the singular position, equation (22) is used in which the third row of equation (8) 
The prescribed position and orientation of the moving platform, () t x represent the tasks of the manipulator. The task equations at velocity level are P = Γη x where www.intechopen.com 
where ij M and i R are given in the Appendix.
For the set of actuators considered, the actuator direction matrix Z is 10000 01000 00010 
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The desired trajectory should be chosen in such a way that at the singular position the generalized accelerations should satisfy the consistency condition.
If an arbitrary trajectory that does not satisfy the consistency condition is specified, then such a trajectory is not realizable. The actuator forces grow without bounds as the singular position is approached and become infinitely large at the singular position. This is illustrated by using an arbitrary third order polynomial for () st having zero initial and final velocities, i.e. 
The 
Conclusions
A general method for the inverse dynamic solution of parallel manipulators in the presence of drive singularities is developed. It is shown that at the drive singularities, the actuator forces cannot influence the end-effector accelerations instantaneously in certain directions.
Hence the end-effector trajectory should be chosen to satisfy the consistency of the dynamic www.intechopen.com equations when the coefficient matrix of the drive and constraint forces, A becomes singular. The satisfaction of the consistency conditions makes the trajectory to be realizable by the actuators of the manipulator, hence avoids the divergence of the actuator forces. To avoid the problems related to the ill-condition of the force coefficient matrix, A in the neighborhood of the drive singularities, a modification of the dynamic equations is made using higher order derivative information. Deletion of the linearly dependent equation in that neighborhood would cause task violations due to the removal of a task. For this reason the modified equation is used to replace the dependent equation yielding a full rank force coefficient matrix. 
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